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Hydrostatics
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4.1 pressure and Thrust
Gince o liquid possesses wei it =
i e }'»l"' ” (‘,xc'l“lt' r("* P i r
s e K 3= ~ 3 < LM LL on “I] })()(l“c{ in oo ’ (-t
: » ob M ™ NaT . o (11E5 contac
with it. I'he rati .l (:l‘W( en the small foree 877 and the arca 84 on.-which it ,;(.,,.
gives the pressure. ‘Thus, pressure = 617/8A : sich it acts

pressure at a point = Limil (,!"‘,"'99 e Limig [0\ dF
8A-»() '/\n:n ins | B4 | dA

Unit of pressure is Nm™ 2, Tt can be s :
5 i ui({ column of de It can be shown that the hydrostatic pressure
due to :” ]r e bnlh,lly p at a depth A from the surface =hpg .
s total force exerte ' auicd ¢ . ; .
e nitis called ,"’“' 2y d liquid column on the whole of the area in
contact with it 1s catiec thrust. 'Thus | thrust = pressure % area. Unit : Newton
(N). The thrust is always normal to the plane area.
47 - Thrust on a plane surface immersed in a liquid at rest.

. C(')nsidcr a planc lamina of area S immersed
inaliquidofdensity p(Fig.4.1). Divide theareainto
s __:L_ a very large number of small elements. LetdS be an

e elementary area at a depth h below the free surface
of the liquid.
Thrust on dS at right angles to it = hpg dS .
. the resultant thrust on the whole surface

=Jhpg ds =pg Ih ds.
Let 7 be the depth of the C.G., from the liquid
_ . surface. From the theorem of moments,
Fig: 4.} hy dS, + hy dSy + hy dS3 + e =TS

or JhdS=7iS

immersed plane surface =hpg % S
area X area of the plane. :
lar lamina (sides a,b) is immersed in water with

¢ surface. Show how 1o divide it into two
two parts may be equal.

- resultant thrust on the
= pressure at C.G. of
Example 1: A rectangu

its plane vertical and a side on the fre

: ) he
parts by a horizontal line sO that the thrusts qn t
S)ol. Let ABCD be a rectangular lamina of length a and breadth b

immersed vertically in water with its glane ver_tical with tlclle e(;lg'f? {:-:013 :gz
surface of water [Fig. 4.2]. Let the horizontal line EF a2 hept_ ‘xe equal
surface divide the area into two parts sO that the thrusts ont CI_I-l‘ar 2 : :
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46 Mechanics anc
-4 Let the_horizontal line 8°C” divide the arca into tw, Partg uc:
thrusts on these portions are equal. Let this line be at a d[t,](mLG ;‘ ha, i

vertex A, &# ]
T hruwt on AB'C’

= pressure at its C. G. X area = (Il = X) pg b ._x n c’
ax v OX
= (h - x)pgx—x-;l— ( BC = /1)
Thrust on AB’C’ = -2- x Thrust on the whole triangle.
2 Lax_1,.1,0
(h-—-3—x)pg><§x h —2><6h apg

2 _ 1,3
(h—gx)xz—éh

or
or 43 - 62+ 13 =0
or 2x —h) (252 = 2xh —h?) =0

h
2x—h=0 or x-2

\/4.3 Centre of pressure

We know that the liquid pressure acts normally at every point of the
immersed area. The force acting on an elementary area like dS is hpgds. The
thrusts on different elements of the plane form a set of like parallel forces. A
these parallel forces can be compounded into aresultant acting at some definite
point on the plane area. This point is called the centré of pressure.

The centre of pressure of a plane surface in contact with a fluid is the
point on the surface through which the line of action of the resultant of the
thrusts on the various elements of the area passes.

Determination of Centre of pressure—General case -

Consider a plane surface of area S immersed
vertically in a liquid of density p. Let XY be the
y surface of the liquid (Fig. 4.7).
Thrust on an elementary area dS at a depth 4 = A pgdS
Moment of this thrust about XY

= (hpgdS) x h = h? pgdS
Resultant moment of all thrusts = j h?pgdS

where the integration is carried over all the
elements of the plane area, ‘

Resultant thrust
Fig. 4.7 ,f on the p,Jane area
= | hpgdS :

Let the centre of pressure of the plane area be at the pomt P Let the
distance of P from XY be H. ' 2 i L
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77
n‘&d‘r ssultant t} ;
M sent of the resuttant thrusy nhmn XY = 1 j "W' ds
1“‘1 ™ e 1 i -‘ g
' jefinition of the resultant of several forees, We piet
4 i . . ¢ ¥ VEN  pus gegy oy ¥ ] . >
l‘l‘ ent ol resultant foree = resultant of (e Moments of the forees
o ‘ | , . .
- H _[ hpg dS = J hlpg dS
of .
J h? ds
H=S o
of J h dS
The result holds good for any inclineq Position of the plane also.
Centre of pressure of a rectangular laming immersed vertically
& m a liquid with one edge in the surface of the liquid.

Let ABCD be 5 plane rectangular
a immersed vertically in a liquid of
) ¥ P with one edge AB in the surface
: fthe liquid (Fig.4.8). Let AB = g and
| AD = b. Divide the rectangle into a num-
x _
|
I
Y

B lamin
3 densij
XYo

;

|
|
: ber of narrow strips parallel to AB. Con-
b sider one such strip of width dx at a depth
: 7777272 77777] dx x below the surface of the liquid.
| | _ The thrust acting on the strip

| Fl c = (xpg) x (adx) = xpga dx
JID‘_ e a——05 Moment of this thrust about AB

Fig. 4.8 . ' =(xpga dx) x x = xnga dx

Sum of the moments of thel thrusts on all the Strips = JZ x*pga dx

Resultant of the thrusts on all the strip; = Jf) xpga dx

Moment of the resultant thrust about AB=H J.l;xpga dx

where H = depth of the centre of pressure below AB.

H J.b xpga dx = _r(b)xnga dx
0

bl el S2,
Hpga —- = pga 3+ H—'3 - e :
The thrust on every elementary strip acts through its midpoint. Hence
entre of pressur

or

the ¢

and DC.

e will lie on EF where E and F are the mid—poi_nts ofAB
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| 4.5, Centre of pressure of a triangular lamina immersg,
liquid with its vertex in the surface of the lig
horizontal.

h‘{,'

A

s Verg
Uid apg itt_:t];::le'y ‘hi Tl
Sol. Let ABC pe at v
immersed vertically iy , lign: -
vertex A in the surface quol;ld Wity
and with its base pc hOrizothe i‘;u;‘;'
4.12). BC=a. Let the depyy, OPtal ®,
of the lamina be p from the fre the ba&:
Be————a— ————+( of the liquid. Divide the triangel SUrfy
number of elementary Strips of :‘mma
parallel to the base BC. Conside, . :ldth
strip By C, of width dx at a depth x below the surface Xy, € Sugy
Area of the strip B) C; = B| C; dx = (ax/b)dx
Thrust on the strip B C| = (x p g) X (ax/b) dx

Mang,

Fig.4.12

Moment of this thrust about XY = -aﬁbeg- de

Total moment due to all the strips =Jj£%£x3 dx.
Resultant of the thrusts on all the strips = J.Z 2%5 x2dx.

Moment of the resultant thrust about XY = H J'b 2%& x2dx.
0

Here H= the depth of the centre of pressure below XY,
Since the two moments are equal,

Jjg-%&x?’dx:Hng%gxzdx.

apg (b* |_ apg[b?
or b(4J_Hb(3'
3

or = =-

. The centre of pressure lies on the line Joining the mid-points of the strips.
~ Le, lies on the median AD at a depth 3b/4 below the surface XY.

: 4.6 Ceptre of pressure of a triangular lamina immersed in a liquid
 with one side'in the surface, when there is no external pressure.

Be———-a-—-—-_ ¢

Yae




5
Hydrodynamics

1 Equation of contihuity
yr

The equation of continuity is an expression of the law of conservation
Lo f mass in ﬂu1d mechar-ucs. Flg. 5.1represents a tube of varying cross-section
. prough which a non-viscous incompressible fluid of density p flows. Let a;

and @2 be the cross- sectional areas of the tube at-the points A-and B. Let the
velocity of the fluid at A and B be v; and v, respectively. Since the fluid is

i compressible, in the steady state, mass of fluid entering the tube per second
through the section A = mass of fluid leaving the tube per second through the

ScCtiOn B.

Fig. 5.1

Mass of fluid entering the tube per second across the section A

L ‘ = a@vip

Mass of fluid leaving the tube per second across the section B = a,v,p
aVip =axVp Or apvy =ayyv,.

: Thus the product av is constant along any given flow tube. It follows
that the speed of flow through a tube is inversely proportional to the
cross-sectional area of the tube. It means that where the area of cross-section
of the tube is large, the velocity is small and vice versa.

57 0% B

Example. Water flowing with a velocity of 3 m/s in a 4 cm diameter pipe
~ enters a narrow pipe having a diameter of only 2 cm. Calculate the velocity
in the narrow pipe. : '
Here, a,=m(0-02)%;v,=3m/s;a,=n(001)?;v,=2
vy =ayv;/a, == (002)> x 3/{m (0-01)*} =12 m/s.

L E g

y7 Energy of the liquid _
| A liquid in motion possesses three types of energy, viz., (i) potential

energy (if) kinetic energy and (iii) pressure energy.

<51
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(7)) Potential energy. If we have a mass m of the liquid gy a hciph J’,qlc_!
the earth's surface, its PE. = mgelh. ‘ - 8 ty 4
P. E. per unit mass of the liquid = g/, b

P. E. per unit volume of the liquid = peh
(i) Kinetic energy. The K. E. is the energy possessed iyl

virtue of its motion. The K. E. of a mass m of a liquid flowing Witht.hq“idh _
d Ve
Cis Tmv? el
VvV 1S EIH\' . ’_Q][)._:v
K. E. per unit mass of the liquid -_—% V2 |
' .. 1
K. E. per unit volume of the liquid = 5 pv2

(#ii) Pressure energy.

Consider an incompressible
non-viscous liquid contained . in a tank (Fig.
5.2). The tank has a side tube at an axial depth
h below the free surface of the liquid in the px— ———_]
tank. The side tube is fitted with a smooth
piston. Let a be the area of cross-section of the
side tube. Let p be the density of the liquid.
Hydrostatic pressure of the liquid on the e S

piston = p = hpg. Force on the piston = pa. e LT -
If the piston is moved inwards through ————=— ] :
a distance x, the work done = pax. This will
force a mass pax of the liquid into the tank. Fig. 5.2
This work done on the mass pax accounts for an ex

This is stored up as pressure energy of the same ma
velocity to it.

penc.!iture of energy pax
ss without imparting anﬁ

Pressure energy per unit mass = Jpga_x =L
ax
Pressure energy per unit volume of the liquid =p

The three forms of energy possessed by a liqui
mutually convertible. gY P y A 1quid under flow are

5.3. Euler’s Equation for Unidirectionl flow

Consider a very small element AB of a ﬂowihg liquid (Fig. 53) pisthe

density of the liquid. dA is the-area of —secti . :
length of the element. cross-section of the element. ds is thé, 7

LT
Frasds
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weight oF the =

et the streamline CQ make an angle 8 with the vertical at O.

Lomponent of the weight of the element along the streamline

= pdA.ds.g. cos 0.
Let the pressure of the liquid at A be P.

dpP
Then, the pressure at B= (p e Fs_ ds)

ame of the element = dA.ds
e clement = p dA.ds.
he element = pdA.ds.g.

Com

= dP dP
Resultant force on the element = PdA — | P + ’ ds ldA = — a3 ds dA.
This force 18 directed from B to A. The component of the weight of the

jement s also directed from B to A.
el€
The net force acting on the element = — ——‘;f ds dA — p ds dA g cos ©

Let dh be the difference in heights between A and B. Then
cos 0= dh/ds .
.. the resultant force on the element is

dh 4P
=~ g dsdA-pdAdhg

Let the velocity of the element of liquid be v. Then its acceleration is

dP
= ——dsdA—pdsdA
== ds P g

According to Newton’s II law of motion, F = ma.

dP dv
———dsdA-pdAdhg= 14
15 95 p g=pdAdsv s
or dP+pgdh= —pvdv
- dP | an+ X2 _ g
P8 8
This equation is called Euler’s equation of motion.
P 2 :
Integrating, — + —— + h = constant.
pPg 28
or g + %vz + gh = constant.

This is Bernoulli’s equation.

4. Bernoulli’s theorem : ;
Statement. The total energy of an incompressible non-viscous fluid .
flowing from one point to another, without any friction remains constant

throughout the ‘motion. -
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Explanation. According to this theo.re{n, the Su.n';] of ki_ne_tjC, pote, .6-5
and pressure energies of any element of an Inc‘ompressx e fluid in Streg l_la;
flow rematns constant. Suppose the helgl_u of an C]emcm‘of fluid of i ,‘ne
p above ground level is 4. Let it be mgvmg wnh- a velocity v. e i harl?”}'
pressure p. Then, its total energy per unit volume 1s .

E:pvz/.? +pgh+p.
Bemnoulli’s theorem states that £ is a constant.
If at two points in the fluid the velocities are vy, v, the heights
a
hy, h, and the pressures are py. pa. then, e
PV 2/2+pghy+p1=pP V2 2/2 + p ghy+ps
The K. E. per unit weight is called velocity head and is equal to v

The P. E. per unit weight is called the gravitational head and is equa] ¢, y 8
pressure energy per unit weight is called the pressure head and ig eCJu.a ;Fhe

p/pg. Bernoulli’s equation can be written as
v2/(2g) + h + p/(pg) = constant
i. e. ,velocity head + gravitational head + pressure head = constang
In the case of liquid flowing along a horizontal pipe, the gravita[j'o
naj

head 4 is a constant.

2 2
v v
Y 42 _ constant or — + £ = constant
2  pg 2 p
or p+ pv2/2 = constant
or static pressure + dynamic pressure = constant .

This expression shows that greater velocity corresponds to a decreage ;
pressure and vice versa. i. e., points of maximum pressure correspond to the v
of minimum velocity and vice versa. This principle may be used to‘det o
fluid speeds by means of pressure measurements. R

Example. Venturimeter, Pitot tube, etc.

. Proof. Consider a fluid in stream line motion along a nonunifo
(Fig. 5.4). Let A and B be two transverse sections of the tube at height:;:lt:gs

l Reference plane

; fr - Fig. 54 ! :
2 Irom a reference plane (the surface of the earth). Let a; and a, be the areas

of cross-secti ‘
o onatAand B. Letv, and v, be the velocities of the fluid at A and
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« the pressure at A dye ¥
e be the | © 10 the driving pregeno he
o ¢

B.Since ay >a; vy sy, 1- Henee the i L Let p; be the

o ‘ = ud jg accelerated g it flows
)

{n work done per second on e liquid er

W, = Force at A X Distance

Wering at A is
moved by the liquid jp §

SP1ap Xy, = =papy,
work done per second by the ligujg leavin

W,=p

second

g the tube at g is
243V,
. Net work done by the fluid ip passi

ng from
e Wl AtoB

Wa=pjap, ~ Pyayv,
Bu[ a2v2=a1vl

Decrease in P. E, = (avip) 8(hy — h,)

1
=3 (a1v;p) (vy 2 Vi %)

Hence, the total gain in the energy of the System when the liquid flows
from Ato B

Increase in K. E.

=-:!!- (alvlp) (V2 2—"1)1 2) - (alvlpg) (hl -hz)

1
s~ @r—PD) a1 =5(avp) (v 2 —v; 2 (a1v1pg) (k) — hy)

1 2

or P +§-pv1 +pghl =p2+%p\«'22+pgh2
. p+ %pv2 + A p g = constant
of £ 4+1.24 hg= constant

P 2

p V2
51 + ——+ h = constant.

P8 2

p/(pg) is called the pressure head. v2/(2g) is called the velocity head
and h is called the gravitational head. Hence, Bernoulli’s theorem may be ,
stated as follows. When an incompressible non-viscous fluid flows in stream
line motion, the sum of the pressure head, velocity head and gravitational head
- remains constant throughout its motzon)
Example 1. Water flows through 4 horizontal tube af varying section.
At a place the velocity is 0-3 m/s when the pressure is 0-016 m of mercury.
Find the pressure when the velocity is 0-6 m/s. : o

T
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)

The escaping liquid will strike the horizental plarte through ¢

B 4i ‘here H=v Xt
Y ofthe vessel at a distance H. W
e B H=1(2gh) x\2h;/g = Z\Uzh,

B The range H is maximum for a given height i+ h if h = hy.

B Vena contracta. It is to be noted that the volume of the liquijq that

. across the orifice in one second cannot be computed by mu]tiplying theow?
~ of the orifice with the velocity of efflux. 'I'he.s.tream]mes. Converge . tc“:re&
approach the orifice. Therefore, the fluid VCIOCIUES., as the jet leaveg they, .-
" arenot parallel to one another but have components inwards towardg the Cens
. of the stream. This inward momentum of the emergent flujg Caue.

' contraction of the Jet. After the jet has gone a little way, the Contractiqy, =S 4
::_ ‘and the velocities become parallel. This point where the contractionp of th QP‘S
sStops and the fluid velocities become parallel is known as veng ccqu-,-a‘:::jf:t
.~ is at this point that the velocity multiplied by area gives the rate of flow ¢ fa It
~ liquid. For an orifice of circular shape, the area of the vena contraciq i abéhe
- 65% of the area of the orifice. i
Example 1. A rank containing water has an orifice on one vers
If the centre of the orifice is 4-9 m below the surface level in the fank, fing

* velocity of discharge, assuming that there is no wastage of energy. the

v=V2gh =\V2x9-8x49 =0.8 ms— 1
Example 2. Calculate the velocity of efflux of kerosene ojj

tcal sig,

. E . - 4 ﬁom a fan;.
. Inwhich the pressure is 35150 kg wt per m~ above the armospheric pres o
;%Tke density of kerosene is 800 kg m = 3. Sure,
b St P _ 35150

=ol. Now, h=4="—"2_ 42.

§ 1 0= 800 43-94 m.

E v=\2gh =V2x9.8x43.94 =29.35 ms—1

. i) Venturimeter. Itisa device based on Be

consists of two wide
:;tubes Cyand C, with a constriction 7T between them T'is called the thrc(:;:mcal
zthe area of cross-section of C 1 and C, o

‘of the throat [Fig. 5.6].

TR ¢
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1{"{{’ flow is steady, let V| 6]
‘ - fl¢ s steady, let e the
; . the flow Is sted he volume of : :
vhen JeR L water flowing per <
\1 (he venturimeter. ng per second
s £ 3 — )
lll”’l'"al‘hcn, V=Av =avy.
— velocity in - C _ J
(ere VI = velocity in Cy or C, and V2 = velocity in T

L V/A and Va=V/a,

Hence velocity of water in T is greater than the vel

Lentlys the pressure in T'is smaller thap the
ce in pressure H is measured by the dj
| glass tubes T} and T, connected t

ocity in C; and C,.
pressure in C; and C,. This
fference of the water levels in
0 C, and TreSpectively. Let p,

dif  ertica

the oy be the pressures in the wider limb and
2

)y . throat respectively.
£ According to Bernoulli’s equation for g horizontal flow
==
P8 28 pg 2
Py =P __V22"V1 4
or pg 2g

The diffel‘ence in pressure in Cl and T=pl '-pz = Hpg |

Hpg 1 [v2 _ﬁ}__v_z[AZ_(ﬁ]

Hence pg  2g

a2 AZ 28 Azaz
V:Aa\/JSH_
(A% - a?)

The rate of flow of water through the pipeline can be dete
easuring H, and knowing the constants A, a, and g.

Example 1.The diameter of the throat of a venturimeter is 0-06 m. When
itisinsertedina horizontal pipe line of diameter 0-1 m, the pressure difference
perween the pipe and the throat equals 0-08 m of water. Calculate the rate of
flow.

Sol. Here a =7 (0-03)* =2-826 X 10~ 3 m?; A = 1t (0.05)2
=785x 1073 m% H=008m. V="

V=Aa \)—‘&

A2 _ 2

rmined by
m

= (785 x 10~ 3) (2-826x10'3)\/ 2x98x008
, ' (7-85x1073)2 — (2:826 x 10~ 3)?
=3793 x 1073 m3/s. | '
Example 2.The diameter of a horizontal water pipe line at two points T
are 0-05 m and 0-08 m respectively. Calculate the difference in pressure s
between the two points if the rate of discharge of water is e
1887x1073mdss. | ' DI e e f
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Sol. Let vy and vy be the velocities of flow at the two poingg. Let,,
@y be the areas of cross-section at the two points. Then, .

apvy =azvy = Rate of discharge of water.
1 (0:025) v =1 (0-04)2 v, = 1-887 x 103,

:‘;F

. -3 ;o)

Hence, vy =188/ X107 _ 565/
m (0:025)°

V1
_ -3 i
vy =1 LXN0 7 356 s, ¢t
Applying Bernoulli’s theorem ' o

or - :
‘ i
Pr—p= 1—0299- [ (0-9615)2 - (0-3756)2] =391-75 N/m?2
Let H be the pressure difference in terms of metres of water, b
P2—P1 39175 _A : :
= e ~Toooxog=004m.
pressure difference between the two points is 0-04 Metre

Therefore, the
of water.

Exampleé 3. A venturimeter has a
diameter 0-15 m. The levels of water col
Calculate the amount of water discha

pipe diameter of 0-2 m an
umn in the two limbs diffe
rged through the pipe in

4 a throg
rby 0.1 m

= T N P S P N
[l b e e

one hoyy
. Density of water = 1000 kg m™3.
‘ 1td 2 "2
Sol. A=—t B2 A s
4 4
nd3 15)2
g=—2=2{015) =0-0177 m? i
4 4 o
H=01m. ‘ " , £
. V=Aa \/%g— ]52 =0-0314 x 00177 V—2X 9B X0 *i?-
A*—a (0-0314)% - (0-0177)2
=003 m3s! i

(iif)Pitot tube . It is an instrument used (o measure the rate of flow of |
atet through a pipe-line. It is based on Bernoulli’s principle. It consists of
two vertical tubes PQ and RS with small apertures at their lower ends (Fig.
5.7). The plane of aperture of the tube PQ is parallel to the direction of flow
of water. The plane of aperture of the tube RS faces the flow of water

perpendicularly. The rise of the water column in the tube RS therefore, -
measures the pressure at S. AL S S : 4y

Volume of water flowing per hour = 0-03 x 3600 m3hr 1= 108m?/hr.
A
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ol ad)"?”" | &
h? Lel P and py be the pressures of
at 0 and Stespectively. Let v be the i
water ! , of water at (. Since the water iy H i oy R
vflmlc(’l in the planc of the aperture § of Pt —— -
qopP he RS, 1S velocity at S becomes .__':"""::" n
the Hence the pressure increases to p, — - [l
_s(". .o 3 . s - —“__'—-"" —---——”-——-
zL-f. i M be difference of level in the — Q</ Se——F-] —
. 'tu.’bcs. applying Bernoulli’s theorem — - — -
‘-() ’ : . W, g v =i ol —— — P
t;mc ends € and S, i Menit e I - — — — =
l
Fig. 5.7
12,21 B 7 2
=== or Y= — — _2
2 PP P (P —p)) = > Hpg

ol v=\N2gH .
Rate of flow of water = qv
where a = area of cross-section of the pi@

Example. A Pltqt r.ube is fixed in a main‘of diameter 0-15 m and the
difference of pressure md.zcaltl’d by the gauge is 0-04 m of water column. Find
he volume of water passing through the main in a minute.

Here,  v=VY2gH =V2x9-8 X004 =0-8854 m/s
- volume of water flowing per second across the section

= area of section x velocity = 7t (0-075)% x 0-8854.

Volume of water passing through the main in a minute

= [1 (0-075) % 0-8854] x 60 = 0-9383 m>.
Wings of an aeroplane: Wings of an aeroplane are shaped as shown in
Fig. 5.8, with the lower surface being flat and the upper surface being curved.
The figure shows a cross-section of
the wing perpendicular to its length.
A stream of air flowing past the wing
divides into two branches, one above
and one below the wing. The stream
lines far away from the wing are
straight. The stream-lines just above
the wing get distorted due to the cur- o
vature of the upper surface of the ' Fig. 5.8

wing. A tube of flow just above the
wing will therefore get constricted. Its area of cross- section decreases.

A
- 4

WB\K

¥y
1!1»
L4 4

According to the equation of continuity (a,v,=a,v,), the velocity of air

increases. According to Bernoulli’s theorem, this causes a decrease in pressure

above the wing. The tubes of flow below the wing are not affected mucb. The 1 
pressure below the wing continues to be atmospheric. Therefore, there is a

s o : ; R :
e e N ; 2 3 Y




